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Abstract

The basic experimental setup of a Fabry–Perot etalon between a collimating and
a focusing lens is modified by introducing 2D rectangular lattices between the
etalon and the collimating lens. Consequently, the irradiance of the interference
fringes on a screen in the focal plane of the focusing lens changes and is modified
by the diffraction pattern of the 2D lattice. The constructive interference
directions resulting from both the etalon and the diffraction by the 2D lattice
have to correlate in order to obtain maximum irradiance. Considering this
experiment in a didactical context and analysing how a 2D rectangular lattice
is seen through the etalon, the investigation provides us with the concept of an
optical space containing a row of virtual 2D lattices. Due to the partially
reflecting plane surfaces of the etalon, different virtual images of the 2D
lattice form a 3D lattice with a tetragonal or orthorhombic structure. As an
optical interface, the simple setup with a 2D lattice and an etalon models a
3D lattice. Using a laser, the diffraction pattern of a 2D lattice and etalon
can be used to optically simulate 3D x-ray diffraction. The experiments can be
included wherever undergraduate or graduate students have to follow up Laue’s
formulation of x-ray diffraction.
(Some figures may appear in colour only in the online journal)

1. Introduction

The topic of optically simulating x-ray diffraction was recently revived by Logiurato et al
(2008) who picked up on Bergsten’s previous investigations (1974) relating to optical crystals.
While Logiurato et al simulated Debye–Scherrer crystal diffraction using randomly orientated
2D gratings, Bergstein used a sequence of optical crystals—one-, two- and three-dimensional
diffraction plates—to demonstrate Laue diffraction. In a series of experiments he traces how
c 2013 IOP Publishing Ltd Printed in the UK & the USA
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Figure 1. A monochrome picture of an arrow taken through a Fabry–Perot etalon. The arrow is
illuminated by incoherent light.

the diffraction pattern changes by extending a one-dimensional to a two- and finally a threedimensional crystal, whereby the three-dimensional crystal consisted of two identical layers
of periodic arrays. Bergstein’s interest is mainly didactic, aimed at guiding students at high
school and all university levels to an insight into why a diffraction pattern takes on the form
that it does.
The didactical concept presented in this paper includes Bergstein’s didactic intention but
also focuses on the step from a two- to a three-dimensional optical crystal. It starts with a
simple hands-on experiment using a Fabry–Perot etalon: by looking at an object through an
etalon, a row of images of the object appears. Figure 1 shows a photograph taken through an
etalon of an arrow illuminated by a light bulb. The size of the image varies perspectively
with distance. An observer will also notice a parallactic shift of the images by moving
his head.
Resulting from partial reflection at the etalon’s surfaces, different virtual images of the
object create a 3D optical structure (typically 10–15 layers). By substituting the object with a
2D periodic array, the virtual images similarly create a 3D periodic structure which is purely
optical. It results from just one physical 2D array.
If the 2D array is illuminated by a large diameter cylindrical laser beam, the virtual
3D periodic structure is then illuminated by coherent light. In this case the optical setup
corresponds to the physical setup for Laue x-ray diffraction.
We will initially analyse the experiment in one of its simplest forms: a point source of
coherent light illuminating a Fabry–Perot etalon. We will show how the virtual images of
the point source create a row of point sources parallel to the optical axis. In a second step,
the analysis will be extended to a 2D periodic array between the etalon and the light source
and include a geometrical description similar to Laue’s approach. Looked at that way the
experiments illustrate a step by step approach to Laue’s formulation of x-ray diffraction and
encourage students to develop a clear geometrical overview of his approach. This might be
useful for both undergraduate and graduate students.
Finally we will reconsider the significance of our geometrical analysis. The core of this
section is a discussion of how the physical and optical components can be described by a
mathematical/geometrical structure and how the concept of a 3D purely optical crystal can be
introduced.
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(a)

(b)

Figure 2. Setup for basic experiments with a Fabry–Perot etalon, (a) using a point source and
(b) using an extended source.

2. Virtual images in basic experiments with a Fabry–Perot etalon
2.1. Experimental setup using a point source of light

In a standard experiment a laser, a lens L1, a Fabry–Perot etalon, a focusing lens L2 and a
screen in its focal plane are mounted according to figure 2(a). The laser beam is focused by
the lens L1 to its focal point S0 and then diverges. S0 then serves as a point source of light.
Depending on the focal length of L1, the rays meet the etalon at an angle θi , 0  θi  θmax . A
set of rays fulfilling the conditions for constructive interference of the etalon propagates after
even-numbered multiple reflections according to the formula
2nd · cos θe = m · λ,

(1)

where m is an integer, n the refractive index of the medium (here the etalon), d the distance
between the surfaces and θ e the incident angle of the propagating rays at the reflecting surfaces
within the etalon. These rays are parallel and are focused in the focal plane of the lens L2. This
set of rays is rotationally symmetric and the interference fringes resulting from equal angled
incidence are circles. The degree of contrast of the fringes depends on the constitution of the
etalon surfaces.
We used a 0.5 mW He–Ne laser (633 nm) or a 1 mW diode laser (635 nm) and a
Fabry–Perot etalon obtainable from Leybold. The technical data of the highly parallel suprasil
glass plate were given as follows: thickness: 4 mm, reflection coefficient of the metal-coated
semireflecting layers on both sides: 0.85, wavelength used: 644 nm, flatness: 32 nm, refractive
index: 1.457, resolving capacity: approximately 400 000.
The metal-coated semireflecting layers result in a phase shift of π for each reflection. As
only even-numbered multiple reflections are focused by the lens L2 in this experimental setup,
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Figure 3. Resulting from the partial reflection at the etalons’ surfaces, the virtual images of a point

source S0 or an extended source/ground glass are located on both sides of the etalon.

the corresponding phase shifts will be multiples of 2π . The corresponding optical path lengths
are multiples of the wavelength λ. Equation (1) remains appropriate.
2.2. Experimental setup with an extended source of light

Illuminating a ground glass filter placed in front of the etalon using a laser beam of greatly
increased diameter is another way of obtaining interference fringes resulting from equal
incident ray angles. The ground glass scatters the light and the rays meet the etalon with an
angle θ i; the lens L2 focuses parallel rays in its focal plane (figure 2(b)). The ground glass filter
serves as an extended source.
As discussed by Hecht (2002, p 421), two points S0 and S1 of the ground glass scattering
the light in the same direction contribute to the same point of the interference fringes.
Waves emitted from S0 or S1 are coherent with respect to each other but S0 and S1 must
not necessarily be coherently coupled. In that sense, the circular interference fringes may
result from constructive interference of coherently coupled and uncoupled light. Actually we
do not know in detail to what extent different points of the ground glass filter scatter coherently
coupled light. For a detailed discussion of a random array of diffracting objects see Hecht
(2002, pp 481–3).
2.3. Virtual images of a point source and an extended source

The incident light is partially reflected at the etalon’s surfaces. The reflection can be described
by introducing the idea of virtual images. As shown in figure 3, the virtual images of a point
source S0 are located on both sides of the etalon and their distance from the respective surfaces
is an even, respectively odd, number multiple of the distance d between the etalon’s surfaces,
this being added to the distance between the ground glass and etalon surface.
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Figure 4. The geometry for a ray that meets the etalon in detail.

On the left-hand side of the etalon, the point source and its virtual images create/induce
a row of point sources that are parallel to the optical axis. Seen optically and not physically,
the setup can be regarded as one interface with a periodic arrangement of point sources. By
using an interface together with laser light of a sufficiently great coherence length, the point
sources then emit coherent light. The circular interference fringes on the screen described
in subsection 2.1 can be interpreted as interference fringes resulting from a 1D periodic
arrangement of coherent point sources parallel to the optical axis.
The introduction of the idea of an optical interface is closely related to the hands-on
experiment with the etalon mentioned above. By looking through the etalon at an object, the
etalon behaves like a window that enables us to observe an optical space containing a row of
visual objects. Methods of ascertaining visual distance such as perspectivity or parallax are
still applicable in that space. In figure 1 the virtual images of the object (arrow) are nevertheless
not created by coherent, but by incoherent light.
Broadening the idea of an optical interface to the extended source of subsection 2.2, the
1D periodic arrangement of point sources is then modified to a 3D arrangement of images of a
row of ground glass filters perpendicular to the optical axis. It then becomes an optical crystal
with regularly ordered plane surfaces along one axis but including a random structure within
the planes themselves. The random structure is the same in all of the crystal’s planes. The
circular fringes on the screen can be interpreted as interference fringes from a 3D optical crystal
showing regular periodicity along only one axis. Corresponding points within the planes such
as S0 , S0I , S0II , S0III , S0IV , etc emit coherent light.
2.4. A geometrical analysis of virtual images of a point source

In figure 4 the geometry for a ray that meets the etalon at an incident angle θ i is shown in
detail. According to Snellius’s law
n=

sin θi
sin θe

(2)

for an etalon with a refractive index n, resulting in an incident angle at the etalon’s second
surface (as well as that of the ray reflected at the second surface’s incident angle at the first
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Figure 5. Following Laue’s explanation of x-ray diffraction, different cones relate to the circular

interference fringes on the screen.

surface) of θ e. As shown by Hecht (2002, p 401) B1C1 = n · B2C2 . The optical path length is
equal for both B1C1 and B2C2 .
The difference between the geometrical path lengths of the rays emitted from S0 and S0III

is B1C2 . Since B1 B1 = 2d, the geometrical path length difference results in B1C2 = 2d · cos θe .
This corresponds to an optical path length difference of 2nd ·cos θe . As stated in (1), the optical
path length difference must be m · λ for constructive interference.
The above-mentioned geometrical analysis is rotationally symmetric. All rays at an
incident angle of θ i to the optical axis are lines on the surface of a cone opening at an
angle of 2θ i. Consequently, for a given order of interference, all directions of equal angle of
incidence that fulfil this requirement are also lines on the surface of a cone. The axis of the
cone coincides with the optical axis. The corresponding interference fringe on the screen is a
circle.
To conclude the geometrical analysis, the directions for constructive interference using
a 1D periodic optical interface of coherent point sources parallel to the central axis can be
described by a set of coaxial cones. Figure 5 shows the interrelation between these cones and
the experimental setup. The optical interface is treated in a similar way to Laue’s analysis of
x-ray diffraction.
Furthermore, if the point source is replaced by an extended source, in particular a ground
glass filter, the set of coaxial cones describes the directions of constructive interference. As
mentioned in subsection 2.2, the light is scattered at different points of the ground glass which
then may act to some extent as incoherent point sources. Due to the lens L2 they contribute to
the same interference fringes.
3. A 2D lattice and a Fabry–Perot etalon: a 3D optical crystal

By substituting the ground glass (subsections 2.2 and 2.3) with a 2D rectangular lattice, the
concept of an optical interface creating an optical crystal remains adequate. Instead of a 3D
optical crystal showing regular periodicity in only one direction (using the ground glass filter)
an optical crystal with periodic regularity in three orthogonal directions is created (by using
the 2D lattice). The 2D lattice then influences the interference or diffraction pattern on the
screen. The pattern is closely connected to the Laue x-ray diffraction pattern which can be
obtained from a single crystal (Ashcroft and Mermin 1976, Hecht 2002, p 485). An outline
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of Laue’s analysis of 3D diffraction can therefore be discussed using neither sophisticated
equipment nor x-rays.
3.1. The experimental setup with a 2D rectangular lattice

A simple initial experiment can be performed in the following way. We printed a set of
2D rectangular lattices on a transparent film. The basic units of the lattice were transparent
circles with a diameter of 40 μm, while the remaining part of the film was black. The lattice
constant in the x-axis direction was fixed at gx = 160 μm, while the lattice constant in the
orthogonal y-axis direction varied. Starting at gy = 160 μm (lattice 1: square), it was increased
to gy = 172.5 μm (lattice 2: rectangular) and continued in 12.5 μm steps up to lattice 9 at
gy = 260 μm. ‘Lattice 0’ was a section with nothing printed on the transparent film. Its
course material behaved optically like ground glass. As in figure 2(b), the transparent film
strip replaced the ground glass filter and was mounted so that it could be easily moved from
one frame to the next (‘lattice 0’ to lattice 9).
The transparent film strips were prepared as follows. We created a file containing the
different lattices using Adobe Illustrator. Using an exposure unit integrated in prepress
procedures for offset printing the film was then exposed and developed at a resolution of
2540 dpi.
The result of using lattice 1 was that the 3D optical crystal created by the 2D lattice had
a tetragonal structure, and using lattices 2 to 9 an orthorhombic structure. The structure of
‘lattice 0’ is described in subsection 2.3. For gx = 160 μm, 160 μm  gy  260 μm, the
value gz = 2d remains constant, this being the direction of the central axis—see figure 3—and
d describing the distance between the etalon’s surfaces. We used a simple etalon with a
refractive index of n = 1.457 and d = 4 mm (data given by Leybold). Consequently
gz = 8 mm and the tetragonal or orthorhombic structures have a grating constant gz which
is much larger than gx or gy (tetragonal: gx = gy = 160 μm, gz = 8 mm; orthorhombic: gx =
160 μm, gx = gy , gz = 8 mm). Tetragonal or orthorhombic structures are obtained as the axes
of lattices 1 to 9 are right-angled and the central axis is also rectangular to the plane of lattices
1 to 9.
Figure 6 shows the interference or diffraction patterns on the screen. For ‘lattice 0’, the
circular interference fringes appear as discussed in section 2. For lattices 1 to 9, the irradiance
of the interference fringes becomes modulated by the irradiance of the diffraction patterns
corresponding to the respective lattices (the interference patterns shown in figure 6 are for
‘lattice 0’ and lattices 1, 3, 5, 7 and 9).
The interference fringes corresponding to ‘lattice 0’ can be interpreted as a diffraction
pattern of a periodic array created by parallel transparent films perpendicular to the optical
axis and with gz = 8 mm, whereas the patterns corresponding to lattices 1 to 9 as diffraction
patterns of a crystal with a tetragonal or orthorhombic structure.
3.2. Laue’s analysis of the diffraction pattern of a 3D optical crystal

Laue’s analysis of the diffraction pattern of a 3D crystal formulates a condition that has to be
fulfilled to obtain constructive interference for each of the crystal’s axes. Fulfilling all three
defines the directions of maximum irradiance. Following Laue’s analysis as summarized by
Kittel (2004) and Eichler (1999), we start with a 2D rectangular lattice perpendicular to the
direction of the laser beam and subsequently discuss the modification when using a 3D lattice.
For a 2D rectangular lattice two conditions can be derived:
nx · λ
(nx = 0, ±1, ±2, . . .)
(3)
cos α =
gx

266

W Sommer

Figure 6. The interference or diffraction pattern of 2D rectangular lattices with gx = 160 μm

and gy = 160, 185, 210, 235, 260 μm in front of an etalon. In the first pattern the 2D lattice is
substituted by a transparent film.

cos β =

ny · λ
gy

(ny = 0, ±1, ±2, . . .),

(4)

whereby x and y define the two axes of the rectangular lattice, gx and gy are the corresponding
lattice constants and the direction of constructive interference includes the angles α and β
make with the x- and y-axes. Both (3) and (4) geometrically describe a set of circular cones
corresponding to the circular symmetry obtained in the x- and y-axes. The opening angles of
the cones are 2α and 2β. Common cone surface lines characterize the directions relating to
the different orders of the diffraction pattern.
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(a)

(b)
(a)

(b)
Figure 7. (a) Diffraction patterns of 2D rectangular lattices with gx = 160 μm and 160 μm 

gy  260 μm. (b) Qualitative depiction of the corresponding cones and hyperbolas.

Figure 7(a) shows the diffraction pattern of the rectangular lattices used in the experiment
of subsection 3.1, while figure 7(b) qualitatively depicts how the intersection of both sets of
cones with a screen perpendicular to the optical axis defines hyperbolas. The opening angles of
the cones qualitatively depicted in figure 7(b) are smaller than 2α and 2β. For small diffraction
orders the correct values are close to 180◦ and the hyperbolas are then almost straight lines
(figure 7(a)). As mentioned above, gx = 160 μm and 160 μm  gy  260 μm; while reading
figure 7 from left to right gy increases and consequently the distance between successive
maximums in the diffraction pattern reduces in the vertical direction.
Broadening Laue’s concept to include 3D optical crystals producing a tetragonal or
orthorhombic structure as described in subsection 3.1, an additional requirement to equation (1)
has to be fulfilled. This requires another set of circular coaxial cones (subsection 2.4 and
figure 5). Their axis is the optical axis and its intersection with a screen perpendicular to the
central axis defines circles. Including equations (3) and (4), equation (1) can be rearranged:
cos θe =

m·λ
m·λ
m·λ
nz · λ
=
= optical = optical .
2nd
n · gz
gz
gz

(5)

Maximum irradiance on the diffraction pattern is obtained only if (3)–(5) are
simultaneously fulfilled. The geometry of the three cones, each with linearly independent
axes, then shows one common surface line which is not the case generally.
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Figure 8. Intersection of three sets of cones according to equations (3)–(5). The red surfaces are
sections of cones around the vertical y-axis, the blue surfaces around the horizontal x-axis. The
opening angles of those cones are close to 180◦ and the surfaces are nearly plane. The axis of the
yellow cones is the optical axis.

In figure 8, the corresponding cones are depicted for small diffraction orders for
gx = 160 μm and 160 μm  gy  260 μm. Their axes are parallel to the x- and y-axes
and their opening angles were calculated using (3) and (4) with the given grating constants.
They are close to 180◦ . Consequently, the cones are approximately planes and the hyperbolas
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right-angled. These cones combine with the cones of (5). In some cases three cones with
different axes in the x-, y- and z-directions have almost one common surface line, in other
cases not. If a common surface line is closely approximated, maximum irradiance on the
screen can be expected. One circle and two hyperbolas then intersect in roughly one point.
Since the maximums are not too small the requirements for a common surface line can be
approximately met.
The axis of the cones resulting from (5) coincides with the central axis. These cones
define circles on a screen perpendicular to the central axes. The smaller their opening angle,
the smaller the radius of the circles and the higher the diffraction order m. The highest order
can be calculated from m · λ = 2nd. With n = 1.457, λ = 633 nm and d = 4 mm, mmax can
be calculated: mmax = 18 413. Consequently, in figure 8 m = 18 413, 18 412, 18 411, . . . and
d ≈ 4 mm were chosen. In order to more or less fit the values for figure 8 to the data obtained
in the experiment of subsection 3.1, we set d = 3.999 86 mm. We considered equation (5) and
set m = 18 413, that corresponds to an incident angle e = 0.30◦ . Taking into account the
flatness of the surface which is given as 32 nm, the accuracy of d = 3.999 86 ± 0.000 03 mm
determines an incident angle in the range of 0.22◦ < e < 0.38◦ . The opening angle 2e of
the cone varies proportionally. These data show to what extent the quality of the fit depends
on the surface roughness value.
Each picture of figure 8 corresponds to a diffraction pattern in figure 6. Comparing the
photographs in figure 6 with the diffraction order for a given nx and ny, we see that its irradiance
varies with the variation of the grating constant gy in the vertical direction. This corresponds
to the intersection of the cones in figure 8.
The circles in figure 6 correlate with the cones according to (5). Their irradiance is not
totally suppressed by the diffraction of the rectangular lattice. The diffraction orders vary
in irradiance but do not vanish. Since the distance d between the etalon’s surfaces critically
determines the exact opening angle, we decided to concentrate on a qualitative correspondence
in figure 8 and fitted the distance d using small diffraction orders nx and ny. Further work with
respect to the fits will be necessary.
Summarizing, it can be stated that figure 6 shows the diffraction patterns of 3D
optical crystals with a tetragonal or orthorhombic structure (gx = 160 μm and gy =
160, 172.5, . . . , 260 μm, goptical
= n · d = 1.457 · 4 mm = 11.656 mm). The diffraction
z
orders are given by nx = ny = 0, ±1, ±2, . . . and m = nz = 18 413, 18 412, 18 411, . . .
Our consideration started with a simple experimental setup and ended with a geometrical
analysis. While the diffraction orders in the x- and y-axis directions are commonly low and
are easily found, they remain very high in the z-direction of the optical axis. This may create
difficulties for students. If an array shows periodicity in the direction of the optical axis with
the screen perpendicular to this, for high grating constants the diffraction order seen on the
screen will always also be high.
The experimental setup was not planned with the aim of finding a corresponding optical
counterpart for a given structure of a solid crystal which can be derived using x-ray diffraction.
This may be a further step. Our goal was to develop a 3D optical simulation of the influencing
conditions that result in positions of maximum irradiance in the diffraction patterns and to
develop an understanding of a 3D optical crystal as created by a 2D lattice and a Fabry–Perot
etalon.
While we succeeded in simulating Laue’s approach to 3D optical crystals, we could
not obtain unit cells similar to those of real periodic crystals. Real periodic crystals usually
have more equal length axis scales. The thickness d of the Fabry–Perot etalon results in
 gx , gy . As its thickness d is in the range of gx (d ≈ 160 μm), m = nz obtained from
goptical
z
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m · λ = 2nd will be approximately nz = 730 (λ = 633 nm, n = 1.457). These diffraction orders
remain very high.

4. Reconsidering the concept of a non-physical optical 3D structure

Motivating the concept of a 3D purely optical crystal using a 2D rectangular lattice and a
Fabry–Perot etalon started with an everyday experience: by looking in a plane mirror, we
observe things located in front of the mirror behind its mirroring plane. When taking a brief
look in the mirror, our intention is normally focused on the observed objects in the mirror,
not on the mirror surface itself. The plane mirror acts like a window into a new, non-physical,
optical space. The distance between an object in front of the mirror and the mirroring plane is
equal to the distance an observer experiences between the mirrored object and the mirroring
plane. By using common tools such as perspective size and parallax to estimate visual depth,
one can order the particular structure of this purely optical space (Sommer and Grebe-Ellis
2010). This phenomenological approach to optics has been discussed previously (Mackensen
1994). Corresponding to figure 1, it can also be applied to a Fabry–Perot etalon.
The equivalent of the didactical concept of an optical space is the concept of virtual
images. The rays describing light are no longer simply reflected by a mirror. Instead of
modelling light they geometrically describe the location of things seen as mirror images in the
space behind the mirror. For example, figure 4 physically models the propagation of a light
ray from S0 to B1 while the ray from S0I to B1 mathematically describes the position of the
corresponding virtual image using the reflection law. An observer looking from the left through
the etalon could observe S0I on the other side, but the corresponding ray is nevertheless not a
physical model; it is—expressed more concisely—a geometrical operator (Holtsmark 1970).
This aspect has also been discussed by Hecht with respect to the Michelson interferometer
(2002, pp 407–14).
Focusing on the interrelation between the things in front of a mirror seen as mirrored
things behind the mirror and the corresponding concepts of virtual images and a geometrical
operator, students may find a way to come to an understanding of the setup, enabling them to
bridge the gap between perceptions and concepts. According to Ostergaard et al (2008) this is
one of the main aims of phenomenologically developing science in education. Applying the
phenomenological approach to a 2D lattice in front of the Fabry–Perot etalon and interpreting
the rays as geometrical operators, we were able to introduce the concept of 3D purely optical
crystals and could link this very concept to the experiment in an easily understandable manner.
The focus of our investigation shifted to diffraction patterns of the crystals and moved away
from the question how the constructive interference directions of the 2D rectangular lattice
and the Fabry–Perot etalon influenced each other.
What do we then, as a consequence, expect students to learn by following the approach
presented in this paper? Nothing less than the central ideas of Laue’s analysis of x-ray
diffraction in an optical setting and how the geometrical description of an object observed
through a Fabry–Perot etalon enables the student to understand the concept of a 3D purely
optical space.
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